Interaction of an electromagnetic field with matter in a laser cavity without the assumption 2 of a fixed direction of the transverse electric field, described by the two-level Maxwell-Bloch 3 equations, is studied. By using a perturbative nonlinear analysis, performed near the laser 4 threshold, we report on the derivation of the laser (3+1)D vectorial complex cubic-quintic com-5 plex Ginzburg-Landau equation. Furthermore, we study the modulational instability of the 6 plane waves both theoretically using the linear stability analysis, and numerically, using direct 7 simulations via the split-step Fourier method. The linear theory predicts instability for any 8 amplitude of the primary waves. Our numerical simulations confirm the theoretical predictions 9 of the linear theory as well as the threshold of the amplitude of perturbations. The system 10
where ∇ = ∂ ∂x i + ∂ ∂y j + ∂ ∂z k and ∇ 2 = ∂ 2 ∂x 2 + ∂ 2 ∂y 2 + ∂ 2 ∂z 2 , with i , j and k the spatial directions,
where ϵ is a small parameter. In the following, we assume that the electric field E is taken 165 as E = ϵE 1 , which restrict, ourselves to the case of a single harmonic. Assuming also that 166 E 1 = E 1 1 , we obtain P 1 = P 1 1 , P 2 = P 1 2 , P 3 = P 1 3 + P 3 3 , Appendix) . 173 We assume also that the traveling waves are lasing with frequency w a and critical vector 
where D OC is a critical value given by [28] D OC = κγ ⊥ µ 0 c 2 g . Now, the laser variable will also depend on two slow spatial and temporal scales, respectively,
and 181 Z = ϵ 2 z, T = ϵ 2 t.
Then, close enough to the laser threshold, we look for solutions (E, P, D) of Eqs. (1) in the 182 form of a power series expansion in the small parameter ϵ as follows
with
with A ⊥ Z, where A is slowly varying field amplitude in space and time. After inserting Eqs. 185 (6)-(8) into the MB equations, rearranging terms and making use of Eqs.
(3), (5) and (9), and 186 identifying the coefficients of powers ϵ at each order, we obtain, by applying the solvability 187 conditions at 0(ϵ 2 ) and 0(ϵ 3 ), the laser (3 + 1)D vectorial cubic-quintic CGL equation
where 199 In this way, the new field amplitude obeys the equation of motion
where the amplitude B(X, Y, T ) is governed by the equation
where 
where 210
represent a two-dimensional Laplacian operator describing diffraction in the transverse (X, 
where the positive real numbers M and P represent the amplitudes of waves B + (X, Y, T ) and 233 B − (X, Y, T ), respectively. w 1 and w 2 are real numbers representing the angular frequencies.
234
The wave vectors are represented by real numbers k 1 , k 2 , l 1 , and l 2 . The substitution of plane 
and
Then, the plane wave solutions are completely defined as functions of the model parameters.
248
Therefore, the question about the stability of these steady-state solutions arises. To have more 249 insights, a perturbation analysis is conducted in order to verify if these solutions are stable 250 against small perturbations. Assuming perturbations in the form
where U (X, Y, T ) and V (X, Y, T ) are small deviations from the stationary solutions of the and V, we obtain that the dynamical equations for the perturbations are written as
pair of coupled complex linear equations can be solved by taking its general solutions as
where K and L are the wave numbers, Ω is the modulation frequency, 
where the fourth-order square matrix of the system is given by
with the matrix elements n i,j (i, j = 1, 2, 3, 4) being
The nontrivial solutions of this system require that Det(H) = 0, which leads to the nonlinear 267 dispersion relation
268
C = − I (n 32 + n 11 + n 23 + n 44 ) , D = − n 32 (n 44 + n 11 ) − n 23 (n 32 + n 11 + n 44 ) + (n 12 + n 22 ) 2 + n 34 n 42 + n 21 n 13 − n 44 n 11 , E =In 2 22 (n 34 + n 13 − n 32 − n 11 ) + In 2 12 (n 42 + n 21 − n 44 − n 23 ) + In 12 n 22 (n 21 + n 13 + n 34 + n 42 − n 11 − n 23 − n 44 − n 32 ) + In 11 (n 44 n 23 + n 32 n 23 + n 44 n 32 − n 42 n 34 ) − In 21 n 13 (n 44 + n 32 ) + In 23 (n 44 n 32 − n 34 n 42 ) , F =n 11 (n 2 22 (n 34 − n 32 ) + n 12 n 22 (n 42 − n 44 ) + n 23 (n 44 n 32 − n 34 n 42 ) + n 23 (n 32 n 44 − n 43 n 42 )) + n 2 12 (n 44 (n 21 − n 23 ) + n 42 (n 23 − n 21 )) + n 12 (n 22 n 23 (n 34 − n 32 ) + n 22 (n 21 (n 32 − n 34 ) + n 13 (n 44 − n 42 ))) + n 13 n 2 22 (n 32 − n 34 ) + n 21 n 13 (n 34 n 42 − n 32 n 44 ).
It is obvious that the coefficients in Eq. (25) 
279
where
As it is obvious, the quantities Ω + ± and Ω − ± depend on the laser cavity parameters that the power gain and is defined as
where Im(Ω ± ± ) denotes the imaginary part of Ω ± ± ) [39, 44]. 
MI Analysis

288
Considering the MI gain (see Eq. (22)), several qualitative situations emerge depending on 
It is well-known that pattern formation may take place in the cubic-quintic CGL 292 equation when the gain/loss and diffraction/nonlinearities are well balanced. We start our 293 investigation by analysing the influence of wavenumbers K and k 1 on the MI. We consider the 294 following parameters of MB equation, γ ⊥ = 9.9 × 10 10 s −1 , γ ∥ = 3 × 10 7 s −1 , w a = 0.52 × 10 9 s −1 , 295 κ = 6.9 × 10 7 ,D 0 = 12.5 and the lasing wavelength λ = 10.6µm [40], Fig. 1 shows the 296 dependence of the gain G with respect to the wavenumbers K and k 1 . respectively . Fig. 1(a) shows the MI process around the perturbed wavenumber K = 0, and 299 in Fig. 1(b) , the maximum instability is isolated in the domains K < 0 and k 1 > 0, the second 300 domain of hight intensity, but lower than the preceding isolate MI domain for the same figure   301 is observed around K = 0. Fig. 2 shows more insight the manifestation of the MI when 302 increasing the value of w a . and Ω + + in the second line, versus the perturbed wavenumber K and the wavenumber k 1 at w a = 0.52 × 10 9 , γ ⊥ = 3.9 × 10 10 , γ ∥ = 3 × 10 7 . (a) and (d) κ = 6.9 × 10 7 , (b) and (e) κ = 4.9 × 10 7 , and (c) and (e) κ = 4.1 × 10 7 . observed in Fig. 1 (b) , have been considerably reduced keeping the same intensity (see Fig 2   307 (b)). On the other hand, when slightly increasing the value of w a to 0.52 × 10 9 , we observe in 308 Fig. 2 (d) , the disappearance of the sidelobe obtained in Fig. 2 (b) and Fig. 1 (b) . Also, the 309 intensity of the MI gain of Fig. 2 (d varying the cavity damping coefficient κ. Fig. 3 shows the gain spectrum for κ = 6.9 × 10 7 s −1 , 314 κ = 4.9 × 10 7 s −1 and κ = 4.1 × 10 7 s −1 , respectively, with γ ⊥ = 3.9 × 10 10 s −1 . for κ = 4.9 × 10 7 s −1 , we have observed that when increasing γ ∥ , the MI gain spectrum also 323 disappears at γ ∥ ≃ 3.9 × 10 7 s −1 . This suitably agree with the fact that in class B laser, 324 γ ⊥ >> κ > γ ∥ [28, 40] . 325 So, to enhance the MI gain, we can adjust the system in order for its parameters to corre-326 spond to a specific class of laser, such as class B laser which is the concern of this work. They 327 can bring about new sidebands, shift the existing sidebands, or merge them.
328
As noticed in this analysis, laser parameters are very influential to the occurrence of MI, 329 especially when plane wave parameters fall well inside the instability domain. Under such 330 conditions, the plane wave solution will be said to be unstable under modulation, and the 331 direct consequence will be its disintegration into nonlinear wave patterns. Otherwise, wave 332 modulation will not take place, since the choice of parameters will not be favorable to a suitable 333 balance between gain/loos and diffractive/nonlinear effects. 
where A m and A p are amplitude modulations, K and L are the frequencies of weak sinusoidal 343 modulations imposed on the continuous waves, in the X and Y directions, respectively.
For the rest, we consider the competiting effects between of cubic and quintic terms based on the laser parameters. From various numerical examples, we note that when κ > γ ∥ , the This, in fact, corroborates our predictions, which, due to the chosen parameter values from the 361 gain spectrum (see Fig. 3(e) ), lead to the disintegration of the initial plane wave solutions. This has been followed by direct numerical simulation, on the generic model, in order to confirm 394 our analytical predictions. A good agreement between the two approaches has been obtained, 395 especially the disintegration of the plane wave solutions into nonlinear waves patterns.
396
The equations describing the interaction of electromagnetic field with the matter is described We focus our study to the case of E = E 1 1 , D 0 1 = D 0 In the presence of the intense field in
. Inserting the relation of P and D given from Eq.
413
(24) into Eqs. (1.2)-(1.3), it comes, for any e inwat , the following relations:
where p and q can take the negative values, and p+q = n. For any power of ϵ, solving these equa-416 tion, we have obtained:
. ϵ 2 , n = 1 :
, D 3 3 = 0, 417 with P = ϵP 1 +ϵ 2 P 2 +ϵ 3 P 3 with P 1 = P 1 1 , P 2 = P 1 2 and P 3 = P 1 3 +P 3 3 .
In the following we performs the nonlinear perturbation analysis near the laser threshold by introducing a small parameter defined by
Moreover, from the MB equations, some algebraic manipulation yields the following solv-419 ability condition
Combining Eqs. (A. 5) and (A. 6) just gives
The nonlinearities comes from the interaction between the population inversion and the 422 electric field. In order to analyze the higher order diffusive term in this system, the higher- 
Multiplying both sides of Eq. (A. 26 ) by
leads to the following amplitude equation derived by Gil [28]:
, (A.28)
, (A.29)
.
428
In order to analyze higher order nonlinearities in the system, the nonlinear polarization 429 term P 3 is need. Therefore, the second correction is need, taking into account the nonlinear 430 polarization into the population inversion equation Eq.(A.21)
. 
))) (A.38) 
, (A.45)
a + 3kγ ⊥ )))(k−γ ⊥ ) − 2(γ ∥ (k(3γ 2 ∥ + 4w 2 a ) + 4w 2 a γ ∥ )(9γ 2 ⊥ + 64w 2 a ) + 3w a γ ∥ γ ⊥ ((8w 2 a + 3kγ ⊥ )(γ 2 ∥ − 4w 2 a ) + 4w 2 a γ ∥ (3γ ⊥ − 8k)))    h 2 w 2 a γ ⊥ γ ∥ (γ 2 ∥ + 4w 2 a ) 2 (9γ 2 ⊥ + 64w 2 a )((k − γ ⊥ ) 2 + 4w 2 a ) (A.48)
